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The evolution of the gravitational-wave phase in the signal produced by inspiralling binaries of compact stars
is modified by the nonzero deformability of the two stars. Hence, the measurement of these corrections has
the potential of providing important information on the equation of state of nuclear matter. Extensive work has
been carried out over the last decade to quantify these corrections, but it has so far been restricted to stars with
zero intrinsic magnetic fields. While the corrections introduced by the magnetic tension and magnetic pressure
are expected to be subdominant, it is nevertheless useful to determine the precise conditions under which these
corrections become important. To address this question, we have carried out a second-order perturbative analysis
of the tidal deformability of magnetised compact stars under a variety of magnetic-field strengths and equations
of state describing either neutron stars or quark stars. Overall, we find that magnetically induced corrections
to the tidal deformability will produce changes in the gravitational-wave phase evolution that are unlikely to
be detected for realistic magnetic field i.e., B ∼ 1010 − 1012 G. At the same time, if the magnetic field is
unrealistically large, i.e., B ∼ 1016 G, these corrections would produce a sizeable contribution to the phase
evolution, especially for quark stars. In the latter case, the induced phase differences would represent a unique
tool to measure the properties of the magnetic fields, providing information that is otherwise hard to quantify.
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2I. INTRODUCTION
The detection of the binary neutron-star merger GW170817 from the LIGO-Virgo Scientific Collaboration [1] has marked
the first milestone in multimessenger gravitational-wave (GW) astronomy. This multimessenger observation alone has helped
set tighter constraints on important properties of neutron stars, such as maximum mass and radii (see [2–13], for an incomplete
list). This event and its constraints have also lead to the exploration of equations of state (EOSs) for nuclear matter that are not
purely hadronic, such as in the scenarios of hybrid (twin) stars (see, e.g., Refs. [14–20]), strange quark stars [21], and even those
scenarios in which a phase transition to quark matter takes place after the merger [22–24].
Some of the most stringent constraints on the EOS coming from from GW170817 are based on the measurement of the tidal
deformability, which is defined as the ratio of the induced multipole moment of a star over the inducing tidal field from its
companion. The dominant contribution to the tidal deformability comes from the “even-parity” (or gravitoelectric or mass)1
quadrupole term, which starts to impact the phase of the GW signal emitted in a binary at the fifth post-Newtonian (5PN) order.
The changes in the phase evolution become particularly significant in the high-frequency region of the signal, as the stars are
about to merge, as discussed in detail in Ref. [26]. The even-parity quadrupolar tidal deformability λ is the ratio between the
mass-quadrupole moment of the star, Qij , and the quadrupolar tidal field, Eij , and a first discussion on how to compute it was
presented in Refs. [27–29]. Beyond the leading 5PN order, higher-orders contributions to the waveform have also been explored
in the literature. In particular, the next-leading-order (6PN) of the even-parity tidal deformability was computed by Ref. [30],
while the “odd-parity” (or gravitomagnetic or mass-current) tidal deformability σ was computed independently by Damour and
Nagar [31] and by Binnington and Poisson [32], obtaining two master equations that are not equivalent. Subsequently, Landry
and Poisson [33] have shown that the odd-parity tidal deformability actually depends on the assumption made on the properties
of the fluids, so that assuming a static equilibrium or an irrotational flow leads to different results. Theses ambiguities in the
odd-parity tidal deformability were studied and clarified in Ref. [34], where it was shown that the odd-parity tidal deformabilities
computed in Refs. [31, 33] are equivalent and both are based on irrotational configurations, whereas the corresponding results
from [32] assume a strict static background configuration and are therefore less realistic (this was concluded already in Ref.
[33]).
The impact of the odd-parity tidal deformability on the GW phase evolution was first explored by Yagi [35], and further
extended in [36], where it was also applied to the analysis of the signal from GW170817. In general, the corrections to the phase
evolution of odd-parity tidal deformabilities appear at one post-Newtonian order higher than to the corresponding even-parity
ones, i.e., the corrections to the phase evolution from the even- and odd-parity tidal deformabilities appear at 5PN and 6PN,
respectively. A different behaviour is seen for the GW amplitudes, where the corrections to the mode amplitudes from the even-
and odd-parity tidal deformabilities appear at 6PN and 5PN, respectively [37]. On the hand, for some modes, e.g., h21 or h32
the contributions start at the same leading post-Newtonian order, i.e., 5PN [37].
The presence of spin angular momentum in the stars also impacts the calculation of the GW phase of spinning and tidally de-
formed stars, with the spin-tidal coupling appearing at 6.5PN for both the even- and the odd-parity tidal deformabilities [36, 38].
In particular, the spin angular momentum gives rise to the coupling between different multipole moments. In the nonspinning
case, the even- and odd-parity quadrupolar tidal fields could only result in even- and odd-parity quadrupole moments, i.e.,
Qij = −λ2Eij , (1)
Sij = −σ2Bij , (2)
where Qij and Sij denote the even- and odd-parity (inducing) quadrupolar tidal fields, while Eij and Bij are the are corre-
sponding even- and odd-parity (induced) quadrupole moments. Expressions (1) and (2) essentially define λ2 and σ2 as the
ratios between the inducing quadrupolar tidal fields and the corresponding quadrupolar deformations for the two different pari-
ties. If the stars are spinning, however, the coupling between quadrupole and octupole moment leads quadrupole-octupole tidal
deformabilites
Qij = −λ2Eij + λ23JkEijk , (3)
Sij = −σ2Bij + σ23JkBijk , (4)
where Eijk and Bijk are the even- and odd-parity octupole moments, Jk is the spin vector of the star and λ23 and σ23 are
respectively the quadrupole-octupole even- and odd-parity tidal deformabilites. In turn, these deformabilities lead to a 6.5PN
contribution to the GW phase [36, 38].
1 Gravitomagnetic and gravitoelectric moments are sometimes referred to as “electric” and “magnetic” [25], but this can be confusing when intrinsic magnetic
fields are taken into account, such as those considered in this paper. To avoid a possible confusion, we will not use here the nomenclature gravitoelec-
tric/gravitomagnetic and distinguish the moments according to their parity (i.e., odd and even).
3Oscillation modes in the star could also contribute to the waveform and phase evolution since they generate a time-varying
quadrupolar moment. The excitation of different oscillation modes in binary system and its impact on the GW signal and phase
evolution have been discussed in recent work [39–43]. Finally, the effects of elastic crusts on tidal deformability and on the GW
signal are also discussed in Refs. [44, 45], where it is concluded that elastic crusts are unlikely to generate a noticeable impact.
We are here also concerned with high-order corrections to the tidal deformability that are however introduced by the presence
of an intrinsic magnetic field in the stars and should therefore not be confused with the gravitomagnetic corrections to the
tidal deformability discussed above. At the order considered here, the magnetic field induces correction only to the even-parity
quadrupole moment and we assume that it does not lead to coupling of different multipole moments. However, because these
represent a correction to the standard unmagnetised, nonspinning tidal deformability, we are forced to performed an analysis
which includes second-order perturbations. In this way, we are able to compute the magnetic-field induced changes to the tidal
deformability and to assess their impact on the evolution of the GW phase for different strengths of the magnetic field and for
different EOSs, including those that describe quark stars. In this way, we find that for realistic magnetic fields of the order of
1012 G, the effect on the phase evolution is too small to be measurable by present and advanced GW detectors (this point was
already explored in numerical simulations [46]). At the same time, these corrections could be important for third-generation GW
detectors such as the Einstein Telescope (ET) [47] or Cosmic Explorer (CE) [48], or even for advanced detectors in the unlikely
scenario in which one of the stars has magnetic fields of the order of 1016 G.
The plan of the paper is as follows. In Sec. II we introduce the formalism adopted for the background metric and fluid
variables, for the magnetic-field configuration, the tidal deformability, and the modifications to the tidal deformability resulting
from the presence of a magnetic field. Our results of tidal-deformability modifications and their impact on the evolution of the
GW phase are presented in Sec. III. Finally, we summarises our findings in Sec. IV. Appendix A provides details on derivation
of some the of the equations presented in the main text and explicit expressions for some of the lengthy source functions.
II. MATHEMATICAL SETUP
A. Background solution
At the order considered here, both the magnetic field and the tidal field are treated as perturbations on a static spherically
symmetric spacetime with background g˚ whose line element can be written generically as
ds2 = g˚µνdx
µdxν = −eνdt2 + eλdr2 + r2dθ2 + r2 sin2 θ dφ2 , (5)
The metric functions ν and λ can be obtained by solving the standard Tolmann-Oppenheimer-Volkov (TOV) equations
m′ = 4pir2e , (6)
p′ = −(e+ p)m+ 4pir
3p
r(r − 2m) , (7)
ν′ = − 2
e+ p
p′ , (8)
where e and p are, respectively, the energy density and the pressure, m(r) := r(1 − e−λ)/2 is the gravitational mass within
the radius r and a prime ′ is used to denote a total derivative in the radial direction. Once the EOS p = p(e) and the central
pressure are specified, the solutions can be obtained by integrating the TOV equations (6)–(8) from the center up to to surface
of the star (note that m(0) = 0). The boundary conditions to be specified at the stellar surface are m(R) = M , p(R) = 0, and
ν = ln(1− 2M/R), where M and R are the stellar mass and radius.
B. First-order magnetic-field perturbations
The magnetic field is assumed to be axially symmetric and purely poloidal (i.e., any meridional electric current is assumed to
be zero) [49–51]. The perturbed metric can then be written as
gµν = g˚µν + h
B
µν , (9)
where the perturbations of the metric resulting from the presence of a magnetic field can be expanded in terms of spherical-
harmonic functions (since the magnetic field is dipolar, it is sufficient to consider only the lower-order harmonics, i.e., ` = 0 = m
and ` = 2,m = 0) and written as2
2 Hereafter, we will use an upper index “B” to denote first-order perturbative quantities associated to the magnetic field of strength B. Note that although at
first order, these perturbative quantities areO(B2).
4hBµν = 2

−eν(hB0 + hB2 P2(cos θ)) 0 0 0
0 e2λ
(
mB0 +m
B
2 P2(cos θ)
)
/r 0 0
0 0 r2kB2 P2(cos θ) 0
0 0 0 r2kB2 sin
2 θP2(cos θ)
 . (10)
Here, the metric functions hB0 (r), h
B
2 (r), m
B
0 (r), m
B
2 (r) and k
B
2 (r) will be provided via the solution of Einstein equations, while
P2(cos θ) is the Legendre polynomial of second order. Assuming that the electrical conductivity in the star is infinite, i.e., ideal
magnetohydrodynamic (MHD) limit, the MHD equations can be written as conservation equations for the energy-momentum
tensor Tµν , together with the Maxwell equations for the Faraday tensor, Fµν , and the electromagnetic current, Jµ, i.e.,
∇νTµν = 0 , ∇νFµν = Jµ . (11)
The system is then closed by the Einstein equations
Gµν = 8piTµν , (12)
where Gµν is Einstein tensor. The resulting system of perturbation equation are then given by [49, 51]
a′′1 +
ν′ − λ′
2
a′1 −
2eλ
r2
a1 = 4pi(e+ p)r
2eλc0 , (13)
hB2 +
mB2
r
eλ =
2
3
e−λ(a′1)
2 , (14)
(hB2 )
′ +
4eλ
ν′r2
yB2 +
[
ν′ − 8pie
λ
ν′
(e+ p) +
2
r2ν′
(eλ − 1)
]
hB2 =
ν′
3
e−λ(a′1)
2 +
4
3r2
a1a
′
1 −
16pic0e
λ
3ν′
a1(e+ p) , (15)
(yB2 )
′ + ν′hB2 =
ν′
2
e−λ(a′1)
2 − 4pir
2
3
c0
(
a′1 +
2
r
a1
)
(e+ p) +
1
3
[
e−λ
r
(ν′ + λ′ +
2
r
)− 2
r2
]
a1a
′
1 , (16)
(mB0 )
′ = 4pir2(e+ p)
1
c2s
P0 +
e−λ
3
(a′1)
2 +
2
3r2
a21, (17)
P ′0 = −
(
8pip+
1
r2
)
e2λmB0 − 4pireλ(e+ p)P0 −
1
3r
(a′1)
2 +
2
3r3
eλa21 −
2
3
c0a
′
1 . (18)
The functions yB2 (r) and P0(r) are shorthands introduced to keep equations compact and are defined as
yB2 := h
B
2 + k
B
2 −
e−λ
6
(a′1)
2 − 2e
−λ
3r
a1a
′
1 −
2
3r2
a21 , (19)
P0 :=
pB
e+ p
, (20)
where pB is the magnetic-pressure perturbation, while a1(r) is a function related to the strength of magnetic field. In this way,
the poloidal covariant components of the magnetic field in a locally inertial frame carried by static observers [52, 53] can be
written as
Br = −2a1
r2
cos θ , (21)
Bθ =
e−λ/2a′1
r
sin θ . (22)
The function P0 can also be used to correlate the metric functions through the following equation
P0 + h
B
0 −
2
3
c0a1 = c1 , (23)
which is derived from the MHD equations (11), and where c0 and c1 are two integration constants that can be determined using
the boundary conditions.
Two important remarks are worth making. First, the metric functions ν and λ, as well as the fluid quantities p and e appearing
in Eqs. (13)–(18), are those of the background spacetime. However, the fluid structure of the star is modified by the presence of
a magnetic field in terms of the corrections to the metric (e.g., to the function mB0 ) and to the pressure (e.g., with the inclusion
of the magnetic pressure P0). Second, although the perturbation is only at first order in the magnetic field, it is proportional to
the square of the magnetic-field strength, since both mB0 and P0 are proportional to a
2
1 ∝ B2.
5Before solving Eqs. (13)–(18), it is useful to recall the required behavior at the origin. In particular, when r → 0, it is possible
to derive that the functions below have to behave as
a1(r)→ α0r2, hB2 (r)→ Ahr2, yB2 (r)→ Ayr4 (24)
mB0 (r)→
2α20
3
r3, P0(r)→ −2(α
2
0 − c0α0)
3
r2 (25)
where
Ay :=
(
−2piAh + 16
3
piα20
)(
pc +
ec
3
)
− 4pi
3
α0c0(pc + ec) . (26)
Here, Ah and α0 are constants and will represent be the initial conditions for the integration, while pc and ec denote the pressure
and energy density at the center of star.
Note that Eqs. (13)–(18) refer to the stellar interior where, e and p are obviously nonzero; the corresponding exterior equations
are identical but with vanishing energy and pressure. Omitting them here for compactness, we just report the explicit solution;
in particular, for the magnetic field we have [52, 54]
a1 = − 3µ
8M3
r2
[
ln
(
1− 2M
r
)
+
2M
r
+
2M2
r2
]
, (27)
where µ is the magnetic dipole moment. In practice, we match the interior and exterior expressions for a1 by requiring it
is continuous and with continuous derivative at the stellar surface. Similarly, the integration constants c0, µ and α0 can be
determined once the magnetic-field strength at the pole, B, is fixed. Finally, the exterior solutions for the relevant metric
functions are given by (see Ref. [49–51] for details)
hB2 = K
BQ22(z) + hˆ
B
2 (z) , (28)
yB2 = −
2KB√
z2 − 1Q
1
2(z) + yˆ
B
2 (z)−
e−λ
6
(a′1)
2 − 2e
−λ
3r
a′1a1 −
2
3r2
a21 , (29)
mB0 =
3µ2
8M5
(r2 −Mr −M2) ln
(
1− 2M
r
)
+
3µ2
32M6
r2(r − 2M) ln
(
1− 2M
r
)2
+
3µ2
8M4r
(r2 −M2) + c2 , (30)
hB0 =
3µ2
8M5
(r −M)(r − 3M)
r − 2M ln
(
1− 2M
r
)
+
3µ2
32M6
r2 ln
(
1− 2M
r
)2
− c2
r − 2M −
3µ2
8M3
4r −M
r(r − 2M) +
3µ2
8M4
. (31)
Here, Q12 and Q
2
2 are the associated Legendre functions of second kind, z := r/M − 1, while the functions hˆB2 (z) and yˆB2 (z) are
defined as
yˆB2 (z) :=
3µ2
8M4
7z2 − 4
z2 − 1 +
3µ2
16M4
z(11z2 − 7)
z2 − 1 ln
(
z − 1
z + 1
)
+
3µ2
16M4
(2z2 + 1)
[
ln
(
z − 1
z + 1
)]2
, (32)
hˆB2 (z) := −
3µ2
16M4
{(
3z − 4z
2 + 2z
z2 − 1
)
− (z2 − 1)
[
ln
(
z − 1
z + 1
)]2
+
1
2
(
3z2 − 8z − 3− 8
z2 − 1
)
ln
(
z − 1
z + 1
)}
, (33)
where the integration constants KB and c2 are also determined by the boundary conditions. With the exterior solution given
by Eqs. (28)– (31), and with the initial conditions Eqs. (24)–(25), the complete set of the first-order magnetic-field perturbative
equations (13)–(18) can then be solved numerically.
Note that the magnetic field will introduce a deformation in the star and hence a magnetically induced quadrupolar moment.
Such an ellipticity and quadrupolar moment can be computed as [49, 51]
eB =
(
2c0a1
rν′
+
3hB2
rν′
− 3k
B
2
2
) ∣∣∣∣
r=R
, (34)
QB = 8M
4KB − 6µ2
5M
. (35)
Furthermore, the ellipticity can also be associated with an actual deformation of the shape of the star as measured in terms of the
equatorial and polar radii, Re and Rp, and normalised to the radius in the case of zero magnetic field, i.e.,
eB =
Re −Rp
R
. (36)
6Before moving to the next section, where we consider the perturbations introduced by a tidal field, it is useful to summarise
the results obtained so far. We have shown that given a perturbing magnetic field of strength B, the perturbations are expressed
through the function a1 that is O(B), so that the perturbations in the metric, i.e., hB0 , hB2 , mB0 , mB2 , kB2 , are all O(B2). It
follows from the Einstein equations, that relate the perturbed metric with the the perturbed energy-momentum tensor, that the
magnetically perturbed energy density and pressure eB and pB are also O(B2).
C. First-order tidal-field perturbations
Next, assuming a zero magnetic field, we consider the first-order perturbation introduced in the star by the presence of an
external tidal field, that is, we express the perturbed metric as
gµν = g˚µν + h
T
µν , (37)
where the tidal-field perturbations hTµν are also assumed to be axially symmetric (i.e., with m = 0 in a spherical-harmonic
expansion) and given by [28, 29]
hTµν =

−eνH0 0 0 0
0 eλH2 0 0
0 0 r2K 0
0 0 0 r2 sin2 θK
P2(cos θ) . (38)
The resulting master equation for the tidal-field perturbations can then be written as [28] (note that hereafter we will drop the
upper index “T” to allow a direct comparison with the literature)
H ′′0 +
[
2
r
+
2m
r2
eλ + 4pir(p− e)eλ
]
H ′0 +
[
4pieλ
(
4e+ 8p+ (p+ e)
(
1 +
1
c2s
))
− 6e
λ
r2
− ν′2
]
H0 = 0 , (39)
where cs is the sound speed and the relations between H0(r) and H2(r), K(r) are given by [28]
H2 = −H0 , K ′ = −H0ν′ −H ′0 . (40)
The behavior of the solution for r → 0 is then given by
H0(r)→ αtr2 +O(r3) , (41)
while the exterior solution is
H0 = c
e
1Q
2
2(z) + c
e
2P
2
2 (z) , (42)
where P 22 andQ
2
2 are the associated Legendre functions of first and second kind, respectively, and c
e
1 and c
e
2 are two undetermined
integration constants. By studying the behavior for r →∞, the asymptotic behavior of the master equation is given by
H0 =
8
5
ce1
(
M
r
)3
+O
((
M
r
)4)
+ 3ce2
( r
M
)2
+O
(( r
M
))
, (43)
Combining now the definition of the inducing quadrupolar tidal field Eij , with the definition of the induced quadrupole moment
Qij , and the expansions in Eq. (1) [28]
− 1 + gtt
2
= −M
r
− 3Qij
2r3
ninj +O
(
1
r4
)
+
Eij
2
r2nini +O (r3) , (44)
where ni := xi/r. The tidal deformability (or Love number) k2 and the dimensionless tidal deformability ΛT can be expressed
respectively as3 [28]
k2 = −3
2
λ2
R5
=
4
15
ce1
ce2
(
M
R
)5
, (45)
ΛT :=
2
3
k2
(
M
R
)−5
. (46)
3 For this quantity only we mantain the upper index T so that we can reserve the symbol Λ for the total dimensionless tidal deformability.
7The actual numerical evaluation of these quantities takes place through the imposition of the boundary conditions for H0 and
H ′0 at the stellar surface, so that, in the case of a hadronic star we impose continuity of both quantities
H int0 (R) = H
ext
0 (R) , (47)
(H int0 )
′(R) = (Hext0 )
′(R) , (48)
while a different treatment is needed in the case of quark stars in consideration of the discontinuity in the rest-mass density at
the stellar surface. More specifically, for quark stars we set [21, 31, 55]
H int0 (R) = H
ext
0 (R) , (49)
(H int0 )
′(R)− 4piR
2e0
M2
H int0 = (H
ext
0 )
′(R) , (50)
where e0 is the energy density at the surface of the quark star. We note that in principle we need to determine three unknowns,
i.e., ce1, c
e
2, and αt, but have only two equations from the boundary conditions. Fortunately, the tidal deformability depends on
the ratio ce1/c
e
2 and it is therefore possible to integrate Eq. (39) with some value of αt and hence obtain – after matching at the
surface – various pairs of values of ce1 and c
e
2 for each value of αt; although different, they would yield the same ratio c
e
1/c
e
2 and
hence the same tidal deformability.
D. The second-order perturbations
Because of their linearity, the first-order perturbations introduced by the magnetic field – that are O(B2) – and by the tidal
field – that are O(E) [see Eq. (60) for a definition of the induced quadrupole moment Q] – are decoupled and independent of
each other. Hence, in order to determine how the tidal deformability of a star is modified by the presence of a magnetic field,
it is necessary to consider higher-order perturbations that are O(B2E) [see Eq. (61) for a definition of the inducing quadrupole
moment E]. In other words, at second order the perturbed metric can be expressed as
gµν = g˚µν + h
B
µν + h
T
µν + h
BT
µν , (51)
where, again, the metric perturbation at the second order can be expanded by spherical harmonic functions Y`m(θ, φ)
δhµν := h
BT
µν = =
∑
`m

−eν δH`0 0 0 0
0 eλδH`2 0 0
0 0 r2 δK` 0
0 0 0 r2 sin2 θ δK`
Y`m(θ, φ) , (52)
where we have now introduced the letter “δ” to denote any quantity that is of second order and to avoid the use of the index
“BT”. The simplest case to consider at this order, which is the one explored in this paper, consists in having the magnetic and
the tidal fields sharing the same axial symmetry, so that the axes of the magnetic dipolar field and that of the tidal field are the
same or, equivalently, that m = 0.
The perturbed Einstein equations with metric perturbation (52) are given as (omitting the index BT)
δGνµ = 8piδT
ν
µ , (53)
where the nonvanishing components of the perturbed energy-momentum tensor are δT 00 = −δpBT/c2s and δT ii = δpBT, with
δpBT the second-order perturbation in the pressure. The terms in the Einstein tensor δGνµ, on the other hand, can be separated
into two parts: one including terms that are the product of two first-order perturbations (e.g., H0hB2 ), and another one which
includes purely second-order metric perturbations (i.e., δH`0, δH
`
2 and δK`). Using Eqs. (53), it is possible to find a relation
between δH`0 and δH
`
2 via δG
θ
θ − δGφφ = 0, and a similar relation can be found between δK ′` and δH`0 after using δGθr = 0.
Finally, using δGtt − δGrr = −(1/c2s + 1)(δGθθ + δGφφ)/2, and combining all the various relations, it is possible to obtain
a single master equation for δH`0. After integrating out the θ dependence, and adopting the “polar-led” approximation
4, the
quadrupolar master equation for δH0 (i.e., δH0 := δH`=20 ) can be finally be written as
δH ′′0 +
[
2
r
+
2m
r2
eλ + 4pir(p− e)eλ
]
δH ′0 +
[
4pieλ
(
4e+ 8p+ (p+ e)
(
1 +
1
c2s
))
− 6e
λ
r2
− ν′2
]
δH0 = S(r) . (54)
4 In general, the first-order solutions will contribute to the second-order metric perturbations acting as source terms [cf. Eq. (54)]. In the polar-led approximation,
the first-order contributions of the modes with ` = L± 2 that impact the ` = L second-order metric perturbations are neglected [25, 56].
8Note that the terms of this master equation are arranged so that the terms with two first-order metric perturbations (i.e., per-
turbations we have described in Secs. II B and II C) are written on the left-hand side, while those with second-order metric
perturbations on right-hand side. Equation (54) is indeed very similar to Eq. (39), with the exception of the source term S(r) on
the right-hand side, which depends on the first-order solutions H0,K, hB0 , h
B
2 ,m
B
0 ,m
B
2 and k
B
2 (see Appendix A for an explicit
expression).
The master equation for the exterior spacetime can be obtained easily by requiring that there5 p, e, 1/c2s → 0, and by inserting
Eqs. (28)–(31) and (42) into the source term S. The resulting master equation in the stellar exterior is therefore given by
(z2 − 1)δH ′′0 + 2zδH ′0 −
(
6 +
4
z2 − 1
)
δH0 = S
e(r) , (55)
where Se(r) is obviously the source term in the stellar exterior.
Equation (55) can not be solved analytically and so numerical methods have to be employed to analyze its asymptotic behavior
for r → +∞. In analogy with Eq. (42), we can express the general solution of Eq. (55) as
δH0(z) = d
e
1Q
2
2(z) + d
e
2P
2
2 (z) + δHˆ(z) , (56)
where de1 and d
e
2 are free constants to be determined, and δHˆ(z) is a special solution of this differential equation that can be
obtained numerically with arbitrary initial condition. Because the asymptotic behavior of the solution is unknown when δHˆ(z)
is solved merely numerically, we can first analyze the behaviour of the general function (56) for large r. In this case, the exterior
source term Se can be split into two terms, i.e., Se = ce1S1 + c
e
2S2, where, for r → +∞ we have (see Appendix A for the
expression of Se)
S1 → −144c2
5M
(
M
r
)4
, S2 → 8c2
M
( r
M
)
. (57)
The special solution at large r can then be written as
δHˆ(z) = ce1
6c2
5M
(
M
r
)3
+O
((
M
r
)4)
+ ce2
2c2
3M
(
3
r
M
− 1
)
+O
(
M
r
)
. (58)
In practice, we solve numerically Eq. (55) twice, having as source term either Se = S1 or Se = S2. In doing so, we take
expressions (58) as initial conditions to integrate the differential equation (55) from infinity to the stellar surface, obtaining as
final general solution the expression
δH0(z) = d
e
1Q
2
2(z) + d
e
2P
2
2 (z) + c
e
1δHˆ1(z) + c
e
2δHˆ2(z) , (59)
where δHˆ1(z) and δHˆ2(z) are the numerical solutions for Se = S1 and Se = S2, respectively. Next, from the asymptotic
behavior of the tt component of metric (44), we can calculate the inducing quadrupolar tidal field E and induced quadrupole
moment Q after collecting all tidal metric perturbation terms (43) and (58) and writing down E and Q as
E := Eijninj = 6
M2
ce2 +
6
M2
de2 , (60)
Q := Qijninj = −16M
3
15
(ce1 + d
e
1)−
4M3
5
c2
M
ce1 . (61)
Since the quadrupolar tidal field E is sourced from an exterior tidal field (i.e., that produced by the companion star), it should not
be affected by the order at which the interior solution is computed. To reflect this behaviour, the integration constant de2 should
vanish. Finally, the second-order magnetically modified even-parity tidal quadrupolar deformability (or simply “magnetic tidal
deformability”) can be written as
δk2 :=
1
5
(
M
R
)5(
4
3
de1
ce2
+
c2
M
ce1
ce2
)
, (62)
δΛ :=
2
3
δk2
(
M
R
)−5
. (63)
5 Strictly speaking, the condition 1/c2s → 0 is necessary only in the case of quark stars, for which the energy density does not vanish at the surface. In this
case, therefore, regularity is obtained by requiring a divergent sound speed.
9The ratio of the two constants de1/c
e
2 is determined by matching the interior solution [Eq. (54)] with the exterior one [Eq. (59)]
via the continuity of δH0 and δH ′0 across the stellar surface, i.e.,
δHext0 (R) = δH
int
0 (R) , (64)
(δHext0 )
′(R) = (δH int0 )
′(R)− 4piR
2e0
M2
δH int0 (R) + Ssurf , (65)
where Ssurf is the contribution from the source term at the stellar surface and will be shown explicitly in Appendix A. Note that
the second and third terms on the right-hand side of (65) are needed only in the case of a quark star and are zero for a standard
hadronic star. Note that since expressions (62) and (63) represent the second-order corrections only, the total tidal deformability
for a magnetised neutron star is given by
λ2 := −QijEij = −
2
3
R5(k2 + δk2) , (66)
Λ = ΛT + δΛ :=
2
3
(k2 + δk2)
(
M
R
)−5
. (67)
A few remarks before moving to the next section. First, while k2 and δk2 both measure the quadrupolar even-parity tidal
deformability of a star in the external tidal field of a companion, they depend on different quantities. More specifically, while
k2 = k2(M,R), where M and R are the stellar mass and radius, δk2 = δk2(M,R,B), so that δk2 → 0 for B → 0. Second,
as we will see in the following, δk2  k2 unless extremely strong magnetic fields are considered. Finally, while k2 is always
positive, δk2 can change sign, although λ2 will remain positive.
III. NUMERICAL RESULTS AND PHYSICAL IMPLICATIONS
In what follows we discuss the results of the numerical solution of the perturbative equations discussed in the previous sections,
paying attention to the magnitude of the magnetic tidal deformability (III A), on its impact on the GW-phase evolution in binary
systems (III B), on how it compares with spin-induced corrections (III C), and, finally, under what conditions the I-Love relations
break-down (III D).
A. Tidal deformability for magnetised neutron and quark stars
We have already discussed briefly in the previous sections about the numerical solution of the perturbative equations. In
essence, we first solve simultaneously the TOV equations (6)–(8) and the first-order perturbative equations (13)–(18), (39).
Making use of the computed zeroth- and first-order solutions, the second-order master equation (54) is solved with the initial
condition δH0(r ' 0) = r2 +O(r3). The solution obtained numerically in this way is denoted by δHN0 , and the general solution
of Eq. (54) can be written in the form of
δH˜0 := c
BTδHS=00 + δH
N
0 , (68)
where δHS=00 is the solution of Eq. (39) [or, equivalently, of Eq. (54) with vanishing source term S(r)], and c
BT is a constant
that is determined, together with de1, via the boundary conditions at the stellar surface [cf. Eqs. (64)–(65)].
For the zero-th-order solutions we consider eight different EOSs that serve to illustrate the behaviour across different tidal
deformabilities. In particular, we compute equilibrium models for neutron stars described by the EOSs: WFF1 [57], APR [58],
SLy4 [59], qmf18 [60] and MPA1 [61]. All of these EOSs can fulfil the constraints of a maximum mass above two solar masses
[62, 63] and have tidal deformabilities in broad agreement with the constraints and their uncertainties derived from GW170817
[1, 11]. In addition, we also consider two EOSs describing quark stars, namely, CIDDM [64] and MIT2cfl [21], where the latter
is obtained through the MIT bag model with parameters ∆ = 100 MeV, B1/4eff = 150 MeV, ms = 100 MeV, and a4 = 0.61
(see [21] for more details). Also these quark-star EOSs satisfy the constraint of having maximum masses above two solar masses.
The results of the numerical integration of the magnetically modified dimensionless tidal deformability (or simply “dimen-
sionless magnetic tidal deformability”) δΛ are shown in Fig. 1 as a function of magnetic-field strength at the stellar pole for
neutron stars with the APR EOS (left panel) and for quark stars with the MIT2cfl EOS (right panel). Note that because the
dimensionless magnetic tidal deformability can change sign for sufficiently large compactnesses, we report, respectively in blue
and red, the positive and negative values of δΛ. Note also that the sign change takes place at essentially a constant value of the
stellar compactness, i.e., at M/R ' 0.205. The existence of such a zero can be easily deduced from the functional form of δk2
as given in Eq. (62): since the constant c2 is proportional to the stellar radius and because the ratio de1/c
e
2 become negative above
a certain compactness, expression (62) highlights that the magnetic tidal deformability will be zero for a given compactness.
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FIG. 1. Dimensionless magnetically modified tidal deformability δΛ shown as a function of magnetic field strength and compactness M/R
of the star. The left panel refers to the neutron-star EOS APR, while the right one to the EOS MIT2cfl, and is therefore representative of
quark stars. Two different colours are used account for the different signs of δΛ and indicate that while a magnetic field increases the tidal
deformation for weak gravitational fields, it opposes it in stronger gravity.
From a more physical point of view, the behaviour shown in Fig. 1 highlights the fact that for weak gravitational fields (i.e., for
smallM/R), the presence of a magnetic field simply enhances the tidal deformability as the quadrupolar deformation introduced
by the magnetic field adds positively to that introduced by the tidal field. However, for strong gravitational fields (i.e., for large
M/R), the opposite is true and the magnetic field prevents – via the additional magnetic pressure and magnetic tension – a
quadrupolar deformation.
This behaviour can also be found in quark stars (right panel of Fig. 1), although the change in sign in δΛ takes place at much
larger masses and compactnesses (i.e., M ' 2.03 M, M/R ' 0.245 for the MIT2cfl EOS). Furthermore, in quark stars, δΛ
decreases monotonically with increasing compactness. These different behaviours at low compactnesses is most likely due to
the different behaviour of the outer layers of the two stellar types. In general, in fact, the crust of neutron star follows an EOS
that is very different from that of the core. On the other hand, by lacking a crust, quark stars have a behaviour that does not
change with compactness and hence yields a magnetic tidal deformability that is mostly positive.
Note also that since a1, µ ∝ B [cf. Eqs. (21) and (27)], it follows thatmB0 , P0 ∝ B2 [cf. Eqs. (17)–(18)], so both the constants
c2 and de1 are proportional to B
2 [cf. Eqs. (54) and (56)]. As a result, the behaviour of δΛ as a function of the magnetic field
reported in Fig. 1 is actually a linear one. Overall, for the APR EOS, the maximum value of the magnetic tidal deformability is
δΛ = 53.9 and is reached at M/R = 0.133 for a magnetic field of B = 1016 G; this is roughly 4% of ΛT; on the other hand,
for the MIT2cfl the value is δΛ = 288.7 at M/R = 0.133 for a magnetic field of B = 1016 G; this is roughly 6% of ΛT.
Figure 2 provides a different view of the dependence of magnetic tidal deformability by reporting in the left panel δΛ as a
function of the stellar compactness for various EOSs relative to neutron stars (bottom part) and quark stars (top part), with a filled
circle marking the reference value of the compactness of a star with M = 1.4M. The data in the figure refers to a reference
magnetic field of B = 1015 G but, obviously, larger/smaller values would be obtained for δΛ when considering larger/smaller
values of B. Note the very different behaviour between the two types of stars, with δΛ having a local maximum in the case
of neutron stars, while decreasing monotonically for increasing compactness in the case of quark stars. More importantly, note
that the modification of the tidal deformability for quark stars is significantly larger, being even 20 times larger than that of
neutron stars. Overall, the different magnitude and dependence on the stellar compactness could provide an important signature
to distinguish between the two classes of stars.
Shown instead in the right panel of Fig. 2 is the relative change of the tidal deformability, δΛ/ΛT, highlighting that the
magnetically induced corrections to the tidal deformability are normally only a small fraction of the ordinary tidal deformation,
i.e., . 10−3 for magnetic field as large as ∼ 1015 G and . 10−9 for more realistic magnetic fields of ∼ 1012 G.
B. Impact of the phase evolution in binary systems
In order to study the impact that the magnetic tidal deformability has on the evolution of the GW signal from merging binaries,
we have computed the GW-phase evolution of representative binaries for the various EOSs considered here and contrasted the
situations in which the magnetic field is either zero or not. We recall that GW waveforms of inspiralling binaries are normally
calibrated by fitting the numerical-relativity results of the late-inspiral and merger phases, so they can extend the waveforms
essentially up to merger (see [65, 66] for two recent reviews). Generally, the most common semi-analytical models are the
phenomenological (“Phenom”) models – which combine in a phenomenological manner and at different frequencies the PN
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FIG. 2. Left panel: Dimensionless magnetic tidal deformability δΛ shown as a function of the stellar compactness and for a fixed magnetic
field of B = 1015 G. The top part refers to quark-star EOSs, while the bottom one to representative neutron-star EOSs. Marked with dots are
the positions of stars with M = 1.4 M. Right panel: Relative weight of the dimensionless magnetic tidal deformability δΛ when compared
with the tidal deformability ΛT. Different lines refer to different EOSs.
evolution with the one from numerical simulations [67–69] – and the effective-one-body (“EOB”) models – which convert
the binary inspiral two-body problem to a one-body problem of describing a test particle moving in a deformed black-hole
spacetime [70]. Two different and independent EOB models are being developed in the literature, i.e., the SEOBNRv4 [71, 72]
and the TEOBResumS models, [73, 74], and their differences are discussed in Ref. [75]. There are two different ways that
the tidal contribution to the waveform are take into account: It can be incorporated directly into EOB formalism in the case of
TEOBResumS and SEOBNRv4 models. Alternatively, it can also appear as an additional correction to the tide-free expression
for the GW-phase evolution in the case of the SEOBNRv4 and Phenom models.
For convenience, we have here employed the tidal model NRTidal [76], to calculate the contribution of tidal deformability
to the GW-phase evolution, while the IMRPhenomD model [69] is used to handle the black-hole binary part of the inspiral. In
practice, we have employed the publicly available PyCBC software [77] to generate the waveforms produced by an equal-mass
binary of compact stars with single mass M = 1.4 M, magnetic fields of various strength, starting from an initial frequency of
60 Hz and up to the merger time. In this way, it is possible to define the GW phase differences between the tidal effects with and
without magnetic field as
∆φ(t) := φ(t)|B 6=0 − φ(t)|B=0 . (69)
Figure 3 reports in its left panel the evolution of the phase difference for a reference magnetic field B = 1015 G and for
different EOSs relative to either neutron stars (solid lines) or quark stars (dashed lines), using the same colour convention as in
Fig. 2. Note that the phase differences are computed up to the merger frequency, which was shown to follow a universal relation
with the tidal deformability ΛT [78–81] in the case of hadronic stars. It is presently unclear if such universal relations hold also
for quark stars and, if so, whether they have the same functional behaviour. Since the PyCBC software does not discriminate
between the two classes of compact stars, we have used the same universal relations to compute the GW signal of quark stars up
to the presumed merger frequency.
Not surprisingly, the growth of the phase difference reported in the left panel of Fig. 3 is very small apart from the final
fractions of a second preceding the merger (see inset). This is obviously due to the fact that tidal effects become important
only when the two compact stars have reached a very small separation. Note also that magnetised quark stars yield much large
dephasing, which can be one or even two orders of magnitude larger than the corresponding one obtained in the case of neutron
stars. Also in this case, however, such changes are comparatively large because of the large reference magnetic fields, so that the
values reported serve mostly as upper limits.
Shown instead in the right panel of Fig. 3 is the final GW-phase difference at merger for a reference magnetic field of 1015 G,
different EOSs, and when shown as a function of the tidal deformability of a 1.4M star ΛT1.4. The upper part of the panel refers
to neutron stars (filled circles), while the lower part to quark stars (crosses). Furthermore, while ∆φmerg = O
(
10−3
)
rad for
such a large magnetic field, much smaller phase differences are measured for more realistic magnetic fields, with an overall trend
∆φmerg ∼ B2. As a result, exploiting the overall behaviour shown by the neutron-star EOSs considered here, it is possible to
recognise a linear dependence of the maximum phase difference of the type ∆φmerg = a+bΛT1.4, with a = −1.873 (B/1015 G)2
and b = 0.018 (B/1015 G)2.
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FIG. 3. Left panel: Evolution of the GW phase differences ∆φ relative to binaries with zero magnetic field or with B = 1015 G. Different
lines refer to different EOSs, but are all relative to a binary with masses m1 = m2 = 1.4M, that enters the detector at an initial frequency
of 60 Hz. The inset shows a magnification near the merger. Right panel: Final phase difference at the merger ∆φ|merg shown as a function
of the tidal deformability of a star with M = 1.4M. The top part refers neutron stars, while the bottom part to quark stars; the colour code
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TABLE I. Summary of the most important quantities computed here for the various EOSs considered. Reported in the various columns are: the
dimensionless tidal deformability ΛT, the dimensionless magnetic deformability δΛ, its relative weight with respect to the dimensionless tidal
deformability δΛ/ΛT, the final phase differences at merger ∆φmerg. All quantities are computed for a reference magnetic field ofB = 1015 G
and a stellar mass of 1.4M, whose corresponding stellar radius R1.4 is reported on the last column.
ΛT1.4 (δΛ)1.4
(
δΛ/ΛT
)
1.4
∆φ|merg R1.4
[10−2] [10−4] [10−3 rad] [km]
WFF1 151 0.495 0.328 0.294 10.39
APR 247 5.109 2.067 3.350 11.34
SLy4 298 4.636 1.557 2.843 11.68
qmf18 339 9.273 2.737 5.432 11.87
MPA1 486 12.693 2.609 6.505 12.44
CIDDM 1177 82.557 7.014 32.168 12.77
MIT2cfl 650 25.653 3.950 11.813 11.43
Figure 4 shows the phase difference as function of time and of the magnetic-field strength in the range from 1014 G to 1016 G.
The left and right panels refer to the APR and to the MIT2cfl EOSs, respectively. Also in this case, we stress that these magnetic
fields are considered here not because they are particularly realistic, but because they serve to set stringent upper limits on
the impact that magnetic fields may have on the GW-phase evolution. In particular, assuming the extreme case of a magnetic
field B = 1016 G, the final phase difference at merger is ∆φmerg . 0.65 rad for the neutron-star EOSs considered here, and
∆φmerg . 3.2 rad for quark-star EOSs. All of this information, together with the representative values of the magnetic tidal
deformabilities, are summarised in Table I.
C. Comparison with other high-order corrections
In addition to the corrections introduced by the presence of a magnetic field, there are also some other high-order corrections
to the tidal deformability that can have an impact on the GW emission. In particular, as anticipated in Sec. I, given an odd-
parity external quadrupolar tidal field, Sij , there will be an odd-parity response of the star in terms of the stellar mass-current
quadrupole moment. This tidal deformability can be obtained by looking at the gtj component of metric at a large distance r
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FIG. 4. Evolution of the GW phase differences ∆φ shown as a function of different magnetic-field strengths. Also in this case, the data refers
to a representative binary with masses m1 = m2 = 1.4M, that enters the detector at an initial frequency of 60 Hz. The left panel refers to
the neutron-star EOS APR, while the right one to the EOS MIT2cfl, and is therefore representative of quark stars.
from the star [65]
gtj = − 8
r3
ijpSpkn<ki> +O
(
r−4
)
+
2
3
jpqBqk r2n<pk> +O
(
r3
)
, (70)
where Sij is the stellar mass-current quadrupole moment, Bij is the odd-parity induced quadrupolar tidal field, and n<ki> :=
nkni − δki is the symmetric and trace-free projection tensor.
As discussed in Sec. I, the odd-parity quadrupolar tidal deformability σ2 can be defined as the ratio [cf. Eq. (2)]
σ2 :=
Sij
Bij , (71)
from which it is possible to build a dimensionless odd-parity tidal deformability j2
j2 :=
48
R5
σ2 =
48
R5
Sij
Bij , (72)
which appears as a correction to the GW-phase evolution at 6PN order, in contrast with the even-parity tidal deformability, which
appears at 5PN order (see Refs. [35–37] for more details).
We note that even in the absence of a magnetic field, other high-order corrections to the GW-phase evolution emerge if the
tidally deformed star is rotating. In this case, in fact, couplings appear between multipole moments of different parity. For
instance, the odd-parity octupole tidal field could produce an even-parity mass quadrupole moment, and the even-parity octupole
tidal field could induce an odd-parity mass-current quadrupole moment [25, 56]. The corresponding tidal deformabilities are
denoted as λ23 and σ23 and contribute to the GW-phase evolution starting from the 6.5PN order, which is also the order at which
the corrections from the coupling of the stellar spin with the even-parity tidal deformability also emerge. However, because
the inclusion of these rotational corrections in the Lagrangian formulation of the binary dynamics remains conceptually unclear
[36, 38], they will be ignored here, as done in [36].
All of the high-order corrections to the GW-phase evolution discussed above are shown in Fig. 5 as a function of the GW
frequency during the inspiral of an equal-mass binary with single mass M = 1.4 M and the APR EOS (left panel) or the
MIT2cfl EOS (right panel). Note that because the post-Newtonian approximation breaks down near the merger, the phase
difference is considered only up to a frequency of 1000 Hz. Shown in particular with a blue-shaded region is the contribution of
the magnetic tidal deformability with a magnetic field strength from 1015 G to 1016 G. Overall, Fig. 5 shows that the contribution
of odd-parity tidal deformability and the even-parity spin-tidal corrections for a dimensionless spin of χ = 0.05 (low-spin prior
of GW170817) are quite similar in size and frequency dependence. Both of them are larger than the even-parity magnetic tidal
deformability for B = 1015 G, but weaker than that for B = 1016 G.
Finally, we note that when the two stars are magnetised, the GW-phase evolution during the inspiral is modified not only by
pure gravitational effects (i.e., by the tidal deformation of the two stars), but also by the loss of orbital energy to electromagnetic
waves. The two stars, in fact, can be assimilated to inspiralling dipoles that will generate electromagnetic waves carrying
away energy and angular momentum. The corresponding correction to the binary dynamics appears at 2PN order and was
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FIG. 5. Evolution of the GW phase differences ∆φ during the early inspiral (i.e., for frequencies up to 1 kHz). Shown as a comparison
are the other the high-order non-magnetic corrections, i.e., the odd-parity tidal correction j2, the even-parity spin-tidal coupling, and the
magnetic-moment correction. The blue-shaded region refers to magnetic-field strengths between 1015 G and 1016 G. All the data refers to a
representative binary with masses m1 = m2 = 1.4M, with the left panel relative the APR EOS and the right one to the MIT2cfl EOS.
first computed by Ioka and Taniguchi [82]. Reported with dot-dashed lines in Fig. 5 is the strength of this correction when
calculated self-consistently with our magnetic-field structure and for B = 1015 G. Clearly, this is the smallest of the high-order
contributions – i.e., between two and three orders of magnitude smaller than the magnetically induced corrections to the tidal
deformability – and grows only mildly with frequency, i.e., as f1/3.
In order to quantify the differences introduced by a magnetic field in the GW waveforms of inspiralling binaries, we have
computed the overlapO between waveforms with or without magnetic field for different EOSs and different detectors. We recall
that the overlap is defined as
O := 〈hδΛ|h0〉√〈hδΛ|hδΛ〉〈h0|h0〉 , (73)
where the scalar product 〈hδΛ|h0〉 is given by
〈hδΛ|h0〉 :=
∫ ∞
0
h˜δΛ(f)h˜
∗
0(f)
Sh(f)
df . (74)
Here, hδΛ and h0 represent the GW waveforms in the time domain with and withoutB-modified tidal corrections, while h˜δΛ and
h˜0 are the corresponding Fourier transforms. Furthermore, since it is important to relate the overlap with the actual sensitivity
of a given detector, the quantity Sh(f) appearing in (74) is the noise power spectral density of the detector under consideration,
which in our analysis has been considered for Advanced LIGO and ET.
In this way, we have found that across the various EOSs considered and for a reference magnetic field B = 1015 G, the
mismatch, i.e., M := 1 − O, is always extremely small and of the order M ∼ 10−9. These values are also much smaller
than the experimental limit for advanced LIGO, namely, O ' 0.005 [46, 83]; an exception to this behaviour is offered by the
quark-EOS CIDDM, which is the one leading to the largest phase difference. In this case, and for an ultra-strong magnetic field
B = 1016 G, we find the mismatch to beM = 0.003, and thus slightly smaller than the limit for LIGO.
Unfortunately, the use of a third-generation detector such as ET does not help to increase the mismatch. This is because
although the differences in the waveforms obviously increase with a more sensitive detector that will record a larger number
of GW cycles, the total length of the waveforms will also increase and so the normalisation in the denominator of Eq. (73).
Fortunately, however, third-generation detectors will also be able to have a finer determination of the tidal deformability, i.e., with
a smaller experimental uncertainty. This was considered in Ref. [36], where the posterior distributions of the tidal deformability
Λ˜ were computed when considering the odd-parity tidal correction j2. In that case, it was shown that because of the high
sensitivity of ET, the posterior distributions of Λ˜ – estimated when j2 is computed for either an irrotational or static fluid –
showed a significant difference (see Fig. 6 in [36]). Since we have shown in Fig. 5 that the odd-parity tidal correction j2 is
actually smaller than the magnetic tidal deformability δΛ when an extreme magnetic field of B = 1016 G is considered, it is
possible that third-generation detectors would be able measure the contributions to the phase evolution coming from the presence
of ultra-strong magnetic fields.
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FIG. 6. Broken universal relation between the magnetic tidal deformability and the dimensionless moment of inertia I¯ := I/M3 for different
EOSs and for a magnetic field of B = 1015 G (different magnetic-field strengths will only rescale the vertical axis but do not change the
functional behaviour). The loss of universality between δΛ and I¯ does not impact significantly the overall universality between Λ and I¯ (see
inset).
All things considered, we conclude that magnetically induced corrections to the tidal deformability will determine changes in
the GW-phase evolution that are unlikely to be detected for realistic values of the magnetic field (i.e., B ∼ 1010 − 1012 G), but
that are likely to produce a sizeable contribution should unrealistically large magnetic fields (i.e., B ∼ 1016 G) be present in the
two stars prior to merger.
D. On the validity of universal relations
The last topic we will discuss briefly here is the issue of the validity of the quasi-universal relations that have been shown to
exist between the moment of inertia, the Love number, and the mass quadrupole of nonrotating compact stars [84]. While these
relations have been demonstrated to hold under a very broad set of conditions (see [85, 86] for some recent reviews), they have
also been shown to be lost in the case of large rotation rates [87] or strong magnetic fields [88]. Since such strong magnetic
fields are often invoked in our analysis of the tidal deformability, it is reasonable to consider under what conditions the universal
relations between the magnetic tidal deformability δΛ and the moment of inertia I break-down when considering the poloidal
magnetic-field configurations explored here.
We note that a somewhat similar analysis was carried out in Ref. [88], which was however focused on the validity of the
universal relation between the moment of inertia I and the stellar quadrupole moment Q when considering a twisted-torus
magnetic topology [89, 90]. In that work, it was found that for simple magnetic-field configurations that are purely poloidal or
purely toroidal, the relation between the stellar quadrupole moment Q and the moment of inertia I is nearly universal. However,
different magnetic field geometries lead to different IQ relations, and, in the case of a twisted-torus configuration, the relation
depends significantly on the EOS, losing its universality. In particular, universality was found to be lost for stars with long spin
periods, i.e., P & 10 s, and strong magnetic fields, i.e., B & 1012 G.
The results of the analysis for the I-Λ universal relation is summarised in Fig. 6, which reports in the main panel δΛ as a
function of the dimensionless moment of inertia I¯ := I/M3 for different EOSs and for a magnetic field ofB = 1015 G (different
magnetic-field strengths will only change the vertical scale, but not the functional behaviour); marked with filled circles are the
values for 1.4M stars. What can be easily appreciated from the main panel in Fig. 6 is that no universal relation can be found
between δΛ and I¯ and that the curves relative to different EOSs deviate form a universal behaviour for I¯ & 10. Furthermore,
quark stars and neutron stars show a distinctively different behaviour, with δΛ increasing monotonically with I¯ , while decreasing
for neutron stars. Indeed, we have already encountered a similar behaviour in Fig. 2 and this does not come as a surprise since
I¯ ∼ (R/M)2. As a final remark, we note that the loss of universality between δΛ and I¯ does not impact significantly the overall
universality between Λ and I¯ , which is preserved by the fact that δΛ  ΛT, and that ΛT still correlates universally with I¯ for
I¯ . 15, as shown in the inset in Fig. 6.
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IV. CONCLUSIONS
The evolution of the GW phase produced by inspiralling binaries of compact stars is subject to corrections coming from the
nonzero deformability of the two stars. In turn, because the tidal deformability is directly related to the properties of the EOS
of nuclear matter, the measurement of these corrections promises to be an important tool to read-off the EOS from the GW
signal. Extensive work has been carried out over the last decade to quantify in an even more accurate manner the size of these
corrections when taking into account a number low- and high-order corrections to the tidal deformability coming, for instance,
by mass-current multipoles or by the presence of an intrinsic spin in the star. This bulk of work has reached a considerable level
of sophistication and a rather comprehensive view of this problem is now available in the literature.
We have here considered an aspect of this research that has not been explored so far, namely, the high-order corrections to
the tidal deformability that are introduced by the presence of an intrinsic magnetic field in the stars. These corrections should
not be confused with the “gravitomagnetic” (or odd-parity) corrections to the tidal deformability, namely, with the “even-parity”
quadrupolar tidal deformability, which starts to impact the phase of the GW signal at 5PN.
At the order considered here, the magnetic field induces correction only to the even-parity quadrupole moment and we assume
that it does not lead to coupling of different multipole moments. However, because these represent a correction to the standard
unmagnetised, nonspinning tidal deformability, they impose an analysis that includes second-order perturbations. Proceeding in
this way, we were able to compute the magnetic-field induced changes to the tidal deformability and to assess their impact on
the evolution of the GW phase for different strengths of the magnetic field and for different EOSs, including those that describe
quark stars. Overall, we find that magnetically induced corrections to the tidal deformability will produce changes in the GW-
phase evolution that are unlikely to be detected if the magnetic field has the strength expected from astrophysical considerations,
i.e., B ∼ 1010 − 1012 G. At the same time, if the magnetic field present in the two stars prior to merger is unrealistically large,
i.e., B ∼ 1016 G, these corrections are expected to produce a sizeable contribution to the GW-phase evolution measured by
third-generation detectors such as ET and CE. In this unlikely event, the induced phase differences would represent a very useful
tool to study and measure the properties of the magnetic fields in the merging stars, thus providing information that is otherwise
hard to quantify.
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Appendix A: Details on the derivation
In what follows we provide details on the derivation of the perturbative equations presented in the main text and that were
omitted from compactness. We start by recalling that the the nonvanishing components of the perturbed Einstein tensor are δG00,
δGii and δG
2
1. In particular, the Einstein equation δG
2
2 − δG33 = 0 can be used to obtain a relation between δH0 and δH2 as
δH0 + δH2 = A23 , (A1)
where A23 is an additional term resulting from the first-order perturbation
A23 :=− 4
7
[
H0h
B
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2 e
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. (A2)
Similarly, the Einstein equation δG21 = 8piδT
2
1 = 0 can be exploited to relate δH0 and δK
′ as
r2ν′
4
(
δH`0 − δH`2
)
+
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where B12 is defined as
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The remaining Einstein equations are
δG00 − δG11 = −8pi
(
1 +
1
c2s
)
δpBT , (A5)
δG22 − δG33 = 16piδpBT , (A6)
where δpBT is the second-order pressure perturbation. We can further define two functions, C01 and C23, to simplify Eqs. (A5),
(A6) as
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The final form that Eqs. (A5) and (A6) then take is
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where δP˜ is defined as
δP˜ :=
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∫ pi
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Finally, we can substitute in Eq. (A9) the expressions for δH2, δK, and δP˜ given by Eqs. (A1)–(A3), (A10). In this way, we
obtain the master equation for δH0, i.e., Eq. (54), whose source term is explicitly given by
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where we have defined
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. (A13)
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The exterior source term is obtained readily after setting to zero the matter terms of Eq. (A12) and it is therefore given by
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We conclude by reporting the contribution from surface source term Ssurf in the matching procedure of Eqs. (64) and (65),
namely,
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